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A theory of tunneling through a quantum dot is presented
which enables us to study combined effects of Coulomb block-
ade and discrete energy spectrum of the dot. The expression
of tunneling current is derived from the Keldysh Green’s func-
tion method, and is shown to automatically satisfy the con-
servation at DC current of both junctions.
PACS numbers: 73.40.Gk, 72.10.Bg, 73.23.Hk
Over the past decade, the Coulomb blockade of tun-
neling has attracted growing interest mainly because of
its possible applications in single-electron electronics [1].
In view of ongoing advances in microfabrication tech-
niques of semiconductor devices whose discrete energy-
level structures are prominent, it seems urgent to de-
velop a general theory of tunneling which allows us to
analyze combined effects of Coulomb blockade and dis-
crete energy-level spectrum of the quantum dot. While
a number of articles study the combined effects [2–6], in
a usual perturbative treatment, the current conservation
has been satisfied by adjusting a fitting parameter such
as a electrochemical potential of the island. By general-
izing the Keldysh equation developed by Caroli et al. [7],
we obtain an expression for the I-V characteristics such
that the currents at the left and right junctions satisfy
the conservation of DC current [8]. We also find that the
half-width of the resonant peak( written by Γnn′ below )
is strongly modulated by the Coulomb interaction.
The system consists of two tunnel junctions with ca-
pacitances CL and CR, and a gate capacitor Cg con-
nected to the central island. The Hamiltonian consists
of the electronic part HˆE, the transfer part HˆT, and the
part HˆEM that describes the electromagnetic (EM) envi-
ronment surrounding the junctions. The electronic part
consists of electrode and island parts,
HˆE =
∑
k,α∈L,R
Ekαcˆ
†
kαcˆkα+
∑
mn
[Emδmndˆ
†
mdˆm + V
imp
mn dˆ
†
mdˆn],
where α represents a set of parameters that, together
with wave vectors k, completely specify the electronic
state of the left (L) or right (R) electrode, and m,n spec-
ify the energy levels of the central island. The symbol
δmn denotes the Kronecker’s delta and V
imp
mn describe ma-
trix elements of impurity scatterings in the island. The
transfer part is described by
HˆT =
∑
nkα∈L,R
[Vnkα(t)cˆ
†
kαe
iφˆα dˆn + h.c.],
where φˆα (α = L,R) are the phase operators which
are canonically conjugate to the charge operators Qˆα
on the junctions, satisfying the commutation relations
[φˆα, Qˆβ] = ieδαβ [9]. The EM part is described by
HˆEM =
Qˆ2L
2CL
+
Qˆ2R
2CR
+
Qˆ2g
2Cg
− QˆLV − QˆgVg +H({φˆα})
=
(Qˆ−C0V )
2
2Cx
+
(qˆ−CgVg−CLV )
2
2CΣ
+H({φˆα}) +const., (1)
where C0≡CLCR/(CL+CR), CΣ≡CL+CR+Cg, Cx ≡
CΣC
2
0/[CL(CR+Cg)], and H({φˆα}) describes the phase
part of the Hamiltonian whose concrete form depends on
the external circuit. In the second line of Eq. (1), new
operators qˆ and Qˆ are introduced such that
QˆL
CL
=
CR + Cg
CΣ
Qˆ
C0
+
qˆ − CgVg
CΣ
,
QˆR
CR
=
CL
CΣ
Qˆ
C0
−
qˆ − CgVg
CΣ
,
Qˆg
Cg
= −
CL
CΣ
Qˆ
C0
+
qˆ − CgVg
CΣ
+ Vg.
The commutation relations for the new operators are
given by [ψˆ, qˆ] = ie and [ϕˆ, Qˆ] = ie, where
φˆL = ψˆ + κLϕˆ, φˆR = −ψˆ + κRϕˆ (2)
with κL ≡ CR/(CL + CR) and κR ≡ CL/(CL + CR).
The current at junction α (=L or R) is given by [10]
Jα(t) = (−1)
β 2e
h¯
Re
{∑
kn
Vnkα(t)G˜
<
nkα(t, t)
}
, (3)
where β=0 for the left junction and β=1 for the right
junction and G˜<nkα(t, t
′) ≡ i〈cˆ†
kα(t)e
−iφˆα(t)dˆn(t
′)〉 is an
analytic continuation of the contour-ordered Green’s
function G˜<nkα(τ, τ
′) which is defined in the interaction
representation by
G˜nkα(τ, τ
′) ≡ i〈TC{cˆ
†
kα(τ
′)e−iφˆα(τ
′)dˆn(τ)
×exp
(
−
i
h¯
∫
C
HˆT(τ1)dτ1
)
}〉, (4)
1
where TC is the contour-ordering operator. We assume
that electrons in the left and right electrodes are nonin-
teracting. Then the only nonvanishing terms in Eq. (4)
are those in which cˆ†
kα(τ
′) is contracted with cˆkα(τ1) in
the exponential term.
G˜nkα(τ, τ
′) =
∫
C
dτ2
h¯
∑
m
V ∗mkα(τ2)〈TC {ˆc
†
kα(τ)cˆkα(τ2)}〉
×〈TC{e
−iφˆα(τ)eiφˆα(τ2)dˆn(τ
′)dˆ†m(τ2) exp
(
−
i
h¯
∫
C
HˆT(τ1)dτ1
)
}〉. (5)
To proceed with calculation, we decouple the term
〈TC{e
−iφˆα(τ)eiφˆα(τ2)}〉 on the right hand side of Eq. (5).
In spite of this decoupling, the conservation of DC cur-
rent is satisfied as will be below. We then obtain, after
analytic continuation to real time,
G˜<nkα(t, t
′) =
∑
m
∫ ∞
−∞
dt1
h¯
V ∗nkα(t1)[G
r
nm(t, t1)g˜
<
kα(t1, t
′)
+G<nm(t, t1)g˜
a
kα(t1, t
′)], (6)
where G<nm(t, t
′) ≡ i〈dˆ†m(t
′)dˆn(t)〉 is the Green’s
function of the central island, and g˜<
kα(t1, t2) and
g˜a
kα(t1, t2) are given in terms of g
<
kα(t1, t2) ≡
i〈cˆ†
kα(t2)cˆkα(t1)〉 and P
<
α (t1, t2) ≡ 〈e
iφˆα(t2)e−iφˆα(t1)〉
as g˜<
kα(t1, t2) = g
<
kα(t1, t2)P
<
α (t1, t2) and g˜
a
kα(t1, t2) =
θ(t2 − t1)[g
<
kα(t1, t2)P
<
α (t1, t2) − g
>
kα(t1, t2)P
>
α (t1, t2)].
Here g>
kα(t1, t2) ≡ −i〈cˆkα(t1)cˆ
†
kα(t2)〉 and P
>
α (t1, t2) ≡
〈e−iφˆα(t1)eiφˆα(t2)〉. Substituting Eq. (6) into Eq. (3), we
obtain
Jα(t)= (−1)
β e
h¯2
∑
kmn
Vnkα(t)
∫ ∞
−∞
dt′V ∗mkα(t
′){G>nm(t, t
′)
×g<
kα(t
′, t)P<α (t
′, t)−G<nm(t, t
′)g>
kα(t
′, t)P>α (t
′, t)}, (7)
where G>nm(t, t
′) ≡ −i〈dˆn(t)dˆ
†
m(t
′)〉. By introducing
a noninteracting self-energy, Σ><0 , defined by G
><
0 =
Gr0Σ
><
0 G
a
0 , and using the Dyson equations, (1 +
GrΣr)Gr0 = G
r and Ga0(1+Σ
aGa) = Ga, we may cast the
Keldysh equation G>< = (1 + GrΣr)G><0 (1 + Σ
aGa) +
GrΣ><Ga into the following form [11]:
G><nm(t, t
′) =
∑
n1,n2
∫
dt1dt2G
r
nn1(t, t1)Σ
><
tot n1n2(t1, t2)
× Gan2m(t2, t
′), (8)
where
Σ><tot n1n2(t1, t2) = Σ
><
0 n1n2(t1, t2) + Σ
><
T n1n2
(t1, t2)
+ Σ><s n1n2(t1, t2). (9)
The first term on the right-hand side describes the self-
energy of the island in the absence of disorder, interac-
tion, and tunneling. Since it corresponds to the free part,
it is infinitesimal: Σ><0n1n2(ǫ) = 2iδn1n2η[f0(ǫ)−1/2∓1/2],
where η is a positive infinitesimal, > (<) refers to the
minus (plus) sign, f0(ǫ) = (expβ(ǫ − Vd) + 1)
−1, and
Vd ≡ (CLV + CgVg)/CΣ. The second term describes a
self-energy due to tunneling:
Σ><Tn1n2(t1, t2)
=
∑
kα
V ∗n1kα(t1)Vn2kα(t2)
h¯2
g><
kα (t1, t2)P
><
α (t1, t2), (10)
and the third term describes effects of scattering:
Σ><s n1n2(ǫ) = iδn1n2 [fd(ǫ) − 1/2 ∓ 1/2]/τs, where τs is a
scattering time in the island and fd(ǫ) is a Fermi distribu-
tion function in the presence of the scattering. Because
of the infinitesimal factor η, the free part is important
only when the remaining parts are absent.
In the following we focus on the case in which
Γnn′kα(t, t
′) ≡ (2π/h¯)V ∗nkα(t)Vn′kα(t
′) is a real func-
tion of t − t′. From Eq. (7), JL − JR =
e
∫∞
−∞
dt′(G>nm(t, t
′)Σ<Tmn(t
′, t) − G<nm(t, t
′)Σ>Tmn(t
′, t)).
Because G><nm(t, t
′) contains Σ><Tmn(t, t
′) (Eq. (10)), the
conservation of current through the two junctions is auto-
matically satisfied, that is, JL = JR. This is a great step
forward, considering the fact that in a usual perturbative
treatment one has to adjust the electrochemical potential
of the island so as to satisfy the current conservation.
The retarded and advanced Fourier-transformed
Green’s functions at the central island, Grnn′(ǫ) and
Gann′(ǫ), are derived from the Dyson equation:
h¯[Gr,ann′(ǫ)]
−1 = h¯[gr,an (ǫ)]
−1 − h¯Σr,atot nn′(ǫ)
=ǫ−(En+Vd)−Λnn′(ǫ)±
i
2
(
2η+
h¯
τs
+Γnn′(ǫ)
)
, (11)
where Γnn′(ǫ) ≡ 2ImΣ
a
Tnn′(ǫ), and 2πh¯Σ
r,a
Tnn′(ǫ) =∑
kα Γnn′kα(ǫ)g˜
r,a
kα(ǫ). The real part of the self-energy
Λnn′(ǫ), which are due to scattering and tunneling, shifts
energy levels in the central island and we will regard this
effect as included in our assumed one-body energy lev-
els of the quantum dot. Here Γnn′(ǫ) broadens resonant
peaks and is strongly modulated by the Coulomb inter-
action through the P>< functions:
Γnn′(ǫ) =
∑
kα
∫
dǫ1
2πh¯
Γnn′kα(ǫ1)[(1 − fα(Ekα))
× P>α (ǫ − ǫ1 − Ekα) + fα(Ekα)P
<
α (ǫ− ǫ1 − Ekα)], (12)
where fL(ǫ)=1/(e
β(ǫ−EF−eV )+1) and fR(ǫ)=1/(e
β(ǫ−EF )+1)
with EF being the Fermi energy of the electrodes.
We show here that the free part of the self-energy can
be neglected even in the absence of scattering. Because
G><free n ≡ G
r
nΣ
><
0 G
a
n is given by
G><free n(ǫ)=
2η(f0(ǫ)−
1
2 ∓
1
2 )
(ǫ−En−Vd+Λn(ǫ))2+(η+Γn(ǫ)/4)2
, (13)
G><free n(ǫ) remains nonvanishing only when Γn(ǫ) = 0 as
can be seen from the relation, limη→+0 η/[(ǫ−En−Vd+
2
Λn(ǫ))
2 + η2] = πδ(ǫ − En − Vd + Λn(ǫ)). If Σ
><
nα (t) ≡∑
kα Γnkα(t)g
><
kα (t)P
><
α (t)/2π, Eq. (7) is cast into
Jα=(−1)
β e
h¯2
∑
n
∫
dǫ1
2π
{G>n (ǫ1)Σ
<
nα(ǫ1)−G
<
n (ǫ1)Σ
>
nα(ǫ1)}.
(14)
Because Γn(ǫ) =
∑
α(Σ
>
nα(ǫ) − Σ
<
nα(ǫ)) = 0 means that
Σ>nα(ǫ) = Σ
<
nα(ǫ) = 0 [note that each term in Eq. (12)
is non-negative], the current disappears when Γn(ǫ) = 0.
Thus the free part can be neglected in the expression of
current. In a usual resonant tunneling problem, Γn =
ΓL+ΓR (width at half maximum: constant), so η in the
denominator can be neglected anyway.
With An1n2(ǫ) ≡ i(G
r
n1n2(ǫ) − G
a
n1n2(ǫ)), and
h¯Θnm(ǫ) ≡ G
r
nn1(ǫ)G
a
n2m(ǫ)/An1n2(ǫ), JL in the absence
of scattering can be cast into the following form,
JL = −
e
h¯
∫ ∞
−∞
dǫ1
2πh¯
∑
kk′nmn1n2
V ∗nkL(ǫ1)VmkL(ǫ1)V
∗
n1k′R
(ǫ1)Vn2k′R(ǫ1)
h¯2
An1n2(ǫ1)Θnm(ǫ1)
×
{
fL(EkL) (fR(Ek′R)− 1)P
<
L (ǫ1 − EkL)P
>
R (ǫ1 − Ek′R)− (fL(EkL)− 1) fR(Ek′R)P
>
L (ǫ1 − EkL)P
<
R (ǫ1 − Ek′R)
}
. (15)
This is the central result of this paper. In the absence
of the charging effects, i.e., P><α (ǫ − ǫ
′) = δ(ǫ − ǫ′), JL
is reduced to the familiar expression of resonant tunnel-
ing [12]. When Σr,amn(ǫ) = δmnΣ
r,a
n , all Green’s functions
are diagonalized. This corresponds, e.g., to a situation
in which energy levels in the island are mutually uncor-
related during the tunneling process. Then An1n2(ǫ) re-
duces to
An(ǫ) =
h¯Γn(ǫ)
[ǫ− (En + Vd)− Λn(ǫ)]
2
+ [Γn(ǫ)]
2
/4
. (16)
and Θn(ǫ) reduces to Γn(ǫ)
−1.
From Eq. (2), we see that P>α can be divided
into two parts: P>α (t1, t2) = 〈e
−iκαϕˆ(t1)eiκαϕˆ(t2)〉
×〈e−iζαψˆ(t1)eiζαψˆ(t2)〉 (ζL = 1 and ζR = −1), where the
first factor describes influence of the electrodynamic en-
vironment (i.e. the external circuit) [9], and the sec-
ond factor describes quantum fluctuations of the is-
land charge. Using the relation 〈m|e−iγψˆ(t)eiγψˆ(0)|m〉 =
e−i
U
h¯
[1+2γ(m−n¯c)]t, where n¯c≡(CLV+CgVg)/e, γ is an ar-
bitrary constant [13], and |m〉 is the charge eigenstate of
the island with charge em, we obtain
〈e−iγψˆ(t)eiγψˆ(0)〉 =
∑
[m]
e−βU(m−n¯c)
2
cu
e−i
U
h¯
[1+2γ(m−n¯c)]t,
where U ≡ e2/2CΣ and cu≡
∑
[m]e
−βU(m−n¯c)
2
, and [m]
runs over 1, 2, · · · , 2N , where N is the number of doubly
degenerate energy levels. Fourier transforming this in the
high-impedance limit gives
P><α (ǫ)=
∑
[m]
e−βU(m−n¯c)
2
cu
2πh¯δ
(
ǫ∓ E><mα± κ
2
αECx
)
, (17)
where E><mα ≡ U(1± 2[m− n¯c]ζα), and ECx ≡ e
2/2Cx.
Before we discuss the main consequences of Eq. (15),
let us discuss the relationship of our theory to the ‘ortho-
dox theory’ of double junctions [14]. In the orthodox the-
ory, the tunneling rate is assumed to be small, and tun-
neling processes at the left and right junctions are treated
separately by assuming that electrons on the island are
always at thermal equilibrium. To ensure this, we as-
sume that inelastic scattering in the island is large and
that tunneling is weak so that 2π/h¯|V ∗nkα(ǫ)V
∗
n′kα(ǫ)| ≪
h¯/2τs ≪ EF , where EF is the Fermi energy of the cen-
tral electrode. Equation (7) can then be shown to reduce
to the corresponding formula in the orthodox theory. In
fact, under these assumptions, we have Im[Gr,ak (ǫ)]
−1 ∼
±h¯/2τs and G
>< may be approximated as G><0 because
near ǫ ∼ EF we have limh¯/τs→+0 h¯/(2τs)/[(ǫ−En−Vd)
2+
(h¯/2τs)
2] = πδ(ǫ−En−Vd). Thus, with appropriate iden-
tification of parameters, our formulation reduces
to that of Ref. [14]. In the following discussions, we
consider the case in which the self-energy is diagonal [i.e.
we assume Eq. (16)] and Γnn′kα(ǫ) does not depend on
n, n′ and k, namely, Γnn′kα(ǫ) = Γα(ǫ) and Cg → 0 and
Vd = CL/CΣV + Vg.
Figures 1 and 2 show I-V characteristics and the I-Vg
characteristics, when the charging energy U ≡ e2/2CΣ
is much greater than the discrete energy-level spacing
∆En. From the relation Γα(ǫ) = 2πDk(ǫ)|Vkα|
2, resis-
tances Rα(α = L,R) can be evaluated to be Rα/RK =
(Γα(EF )Dd(EF ))
−1, where RK is the resistance quan-
tum h/e2 =25.8kΩ and Dd(EF ) is the DOS of the island
at the Fermi energy. The resistances are estimated to be
RR/RK ∼ 40(weak tunneling) when Dd(EF )EF ∼ 1.
Figure 3 shows the I-V characteristics in which ∆En
=25meV larger than the elementary charging energy
U=0 or 10meV. Here we assume Γα(ǫ) =
√
ǫ/EFΓα0
for the energy dependence of the density of state (DOS)
Dk(ǫ) of the electrodes on the I-V characteristics. In
the absence of the Coulomb interaction, i.e., U = 0,
equally-spaced resonant tunneling peaks are seen. The
Coulomb interaction deforms this I-V characteristic in
a manner depending on the strength of the interaction
and temperature. As the Coulomb interaction increases,
the deformation of the peaks becomes more pronounced,
and some peaks are suppressed by large Coulomb gaps.
At T=100K with U=10meV, the resonant peaks are
thermally blurred. The dips at 0.2 eV and 0.4 eV ap-
pear where original resonant peaks overlap with Coulomb
gaps. Our results shows that the complex I-V character-
istics appear due to combined effects of Coulomb block-
ade and resonant tunneling in the quantum dot.
In conclusion, we have studied combined effects of
Coulomb blockade and resonant tunneling through a
3
double-barrier system by using the Keldysh equation. A
general expression of the I-V characteristics is obtained
which automatically satisfies the conservation of DC cur-
rents at both junctions. We found that, in a resonant-
tunneling-dominated regime, some of resonant tunneling
peaks are suppressed due to the charging effects.
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FIG. 1. I-V characteristics in the continuum limit for two
different gate voltages Vg=0 and -0.5eV and two temperatures
T=4.2 and 30K, where EF=0.2eV, U =5meV, ΓL=5meV,
ΓR=0.1 meV.
FIG. 2. Coulomb oscillations in the continuum limit for
ΓL=5meV, ΓR=0.1meV with varying values of the elementary
charging energy U ≡ e2/2CΣ, where, EF=0.2eV, T=4.2K,
and V=0.01eV.
FIG. 3. Combined effects of the Coulomb blockade and
resonant tunneling for T = 1 and 100K, where EF
=0.07eV (T=1K), Vg =-0.05eV, ΓL0=6.0 × 10
−4meV, and
ΓR0=4.0 × 10
−4meV. The curves at T=100 K refer to the
right scale and those at 1 K refer to the left one.
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